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Recently, the concept of the interfacial area transport equation has been proposed to predict the dynamic
change of interfacial structure in transient and developing flows. In this approach, bubbles are catego-
rized into two groups (group 1: spherical/distorted bubbles; group 2: cap/slug/churn-turbulent bubbles)
due to the considerable difference in their transport characteristics. In this paper, the equations for cal-
culating drag coefficients of both groups under developing flow conditions are derived based on the
momentum equations in the one-dimensional two-group two-fluid model. It is found that void fraction
of both groups should be taken into account in determining drag coefficient of each group. The shape fac-
tor is important for group 2 bubbles even though it can be approximated to be unity for group 1 bubbles.
Experimental data of air–water upward bubbly flows in various sizes of pipes are used to examine the
existing drag coefficient model of group 1 bubbles. It is shown that the Ishii and Chawla’s models for
spherical and distorted bubbles can predict the experimental data in the forced convective flow systems
satisfactorily, which confirms their applicability to bubbly flow systems.

� 2008 Elsevier Inc. All rights reserved.
1. Introduction

In solving two-phase flows using the two-fluid model, a key is-
sue is to accurately predict the interfacial transfer terms which link
two separate phases in the mass, momentum and energy balance
equations. The interfacial area concentration thus becomes very
important since those interfacial transfer terms are directly related
to it. Traditionally, the interfacial area concentration is modeled
based on flow regimes and their transition criteria. However, this
approach can not reflect the dynamic nature of the interfacial
structure and may induce numerical oscillations in thermal-
hydraulic system analysis codes for nuclear reactors. In order to
overcome those shortcomings and be consistent with the two-fluid
model, the foundation of interfacial area transport equation
has been established based on the population balance method
(Kocamustafaogullari and Ishii, 1995). It was followed by extensive
studies both theoretically and experimentally to formulate the
interfacial area transport equation and to model the source and
sink terms for a wide range of two-phase flow conditions (Wu
et al., 1998; Hibiki and Ishii, 2000a,b; Fu and Ishii, 2002a,b; Kim
et al., 2002; Sun et al., 2004a,b).

Various bubbles with different sizes and shapes exist in two-
phase flows, which can cause substantial differences in their trans-
port characteristics due to the differences in drag force and bubble
ll rights reserved.

: +1 765 494 5951.
interaction mechanisms. A two-group approach has been proposed
(Hibiki and Ishii, 2000b; Fu and Ishii, 2002a; Sun et al., 2004b; Ishii
and Hibiki, 2005) to account for those differences in the modeling
of interfacial area transport. In the two-group interfacial area
transport equation, in terms of the bubble size, shape and hence
the transport phenomena, bubbles are categorized into two
groups: spherical/distorted bubbles as group 1 and cap/slug/
churn-turbulent bubbles as group 2. Preliminary strategy of mod-
ifying the conventional two-fluid model has been developed to
implement the two-group interfacial area transport equation
(Sun et al., 2003). In this strategy, interfacial mass transfer, interfa-
cial drag, and interfacial heat transfer are partitioned into two
groups, corresponding to the two groups of bubbles. In the modi-
fied two-fluid model, the drag coefficient and interfacial heat
transfer coefficient for each group need to be specified as constitu-
tive relations. In this paper, a study of the interfacial drag force is
presented.

The drag coefficient of a single particle, including gas bubble, li-
quid droplet and solid particle has been studied extensively (Wallis,
1974; Clift et al., 1978; Khan and Richardson, 1987; Tomiyama et
al., 1998). For solid particles in multi-particle systems, considerable
work has been done to study the relationship between the particle
concentration and relative velocity in the fluidization/sedimenta-
tion process (for example, Richardson and Zaki, 1954; Khan and
Richardson, 1989). Based on these studies, the drag coefficient for
solid particles in multi-particle systems can be obtained accord-
ingly (Khan and Richardson, 1990). In the gas–liquid two-phase
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Nomenclature

A cross sectional area
ai interfacial area concentration
Bd volume of a typical bubble
C0 volumetric-flux-distribution parameter
CD drag coefficient
D pipe diameter
DC maximum distorted bubble limit
DSm bubble Sauter mean diameter
gz gravitational acceleration along vertically downward

direction
j superficial velocity
NRe particle Reynolds number
Nlf viscosity number of liquid phase
p pressure
rb bubble radius
rD bubble drag radius
rSm bubble Sauter mean radius
t time
t velocity
t�r non-dimensional relative velocity
Z axial distance

Greek symbols
a void fraction
Dq density difference between phases

l dynamic viscosity
q density
r surface tension

Subscripts
0 test section inlet
1 group 1 bubbles
2 group 2 bubbles
f liquid
g gas
i interface
k index
cal. calculated value
exp. experimental result

Symbols
hi area-averaged quantity
hhii void fraction weighted cross-sectional area-averaged

quantity
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systems the drag coefficient becomes more complicated since gas
bubbles can be deformed due to liquid turbulence, interface inter-
action and phase change. Similar to solid particles, the studies were
mostly focusing on correlating drag coefficient with void fraction
(Davidson and Harrison, 1966; Ishii and Chawla, 1979; Garnier et
al., 2002; Behzadi et al., 2004). Among them the drag models devel-
oped by Ishii and Chawla (1979) by assuming similarity between
drag coefficients in single and multiple particle systems seem to
be mechanistically based. They were hence proposed to be used
as constitutive relations in the two-fluid model (Ishii and Mishima,
1984). In their study, the gas-liquid two-phase flows were catego-
rized into Stokes regime, viscous regime, distorted bubble regime,
churn-turbulent flow regime and slug flow regime. The comparison
of their theoretical predictions with over 1000 experimental data
mostly obtained in stagnant liquid systems showed that satisfac-
tory agreement could be obtained for a wide range of the particle
concentration and particle Reynolds number.

However, the partition of bubbles into two groups was not con-
sidered in the previous study of drag coefficient. It is apparent that
small spherical and distorted bubbles have different drag coeffi-
cients from large cap, slug, or churn-turbulent bubbles. Therefore,
the models developed previously must be evaluated for each group
in the two-group two-fluid model, especially for flow conditions
where both groups are present. In addition, most of the data which
were used to evaluate drag coefficient were taken for flow condi-
tions with low liquid velocities. The applicability of those models
at higher liquid velocities needs to be assessed. Furthermore, the
major advantage of implementing the interfacial area transport
equation into the two-fluid model is to predict the dynamic change
of interfacial structure. Therefore, it is important to evaluate the
prediction accuracy of those constitutive models for developing
flows, where changes of interfacial area concentration in space
and/or time are involved.

In view of the above, the equations to determine the drag coef-
ficients of two groups of bubbles are derived based on the gas
momentum equations in the two-group two-fluid model. To be
consistent with the present one-dimensional thermal-hydraulic
analysis codes, the equations are averaged over the cross sectional
area of flow channel to obtain the one-dimensional model. In the
first phase of this research, the data taken in bubbly flow regime
are used to evaluate the drag coefficient of group 1 bubbles devel-
oped by Ishii and Chawla (1979). Due to the lack of experimental
data and other difficulties such as determining the bubble shape
factor, the study of drag coefficient of group 2 bubbles is currently
ongoing and will be reported in the future.

2. Drag coefficient in two-group two-fluid model

2.1. Evaluation scheme of drag coefficient

Drag coefficient is not a directly measurable parameter. For a
single object, one can calculate the drag force based on the force
balance equation and hence determine the drag coefficient if other
parameters such as fluid density, projected area and relative veloc-
ity are known (Ishii and Hibiki, 2005). For multiple particle system,
one has to start from the momentum equation in the two-fluid
model. Based on certain assumptions, the general evaluation
scheme of one-dimensional drag coefficients for two groups of
bubbles can be obtained:

CD1 ¼
8ha1i 1� ha1i � ha2ið ÞDqgz

qf hai1ihvr1i2
; ð1Þ

and

CD2 ¼
8ha2i 1� ha1i � ha2ið ÞDqgz

qf hai2ihvr2i2
rD

rsm

� �
2
: ð2Þ

where h i represents area averaging operator. CDk, ak, Dq, gz, aik and
vrk (here subscript k = 1, 2 stands for group 1 or group 2 bubbles) are
the drag coefficient, void fraction, density difference, gravitational
acceleration along vertically downward direction, interfacial area
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concentration and relative velocity between group k bubbles and li-
quid, respectively. rSmk and rDk are the Sauter mean radius and the
drag radius which are defined as follows:

rSm ¼
3Bd

Ai
; ð3Þ

and

rD ¼
3Bd

4Ad
; ð4Þ

where Bd, Ai and Ad are the volume, surface area and projected area
of a typical bubble, respectively. The boundary between two groups
of bubbles, Dc, is given by the volume-equivalent diameter for the
maximum distorted bubble limit:

Dc ¼ 4
ffiffiffiffiffiffiffiffiffiffiffi
r

gzDq

r
; ð5Þ

where r is the surface tension.
It can be seen from Eqs. (1) and (2) that measured void fraction,

interfacial area concentration and relative velocity for both groups
are required to experimentally determine the drag coefficient.
Shape factor term rD/rsm can be assumed to be unity for group 1
bubbles considering the shape is very close to sphere. However it
must be taken into account for group 2 bubbles. It is also interest-
ing to see that CD1 depends on void fraction of both group 1 and
group 2 bubbles. The appearance of group 2 bubbles actually mod-
ifies the pressure field and reduces the buoyancy force acting on
group 1 bubbles. Similar effect can be also seen in the equation
for group 2 bubbles. Therefore, extra care must be taken in deter-
mining the drag coefficient from experimental data when bubbles
are partitioned into two groups.

The void fraction term in Eq. (1) is represented by total void frac-
tion, if no partition was considered for the gas phase. In this case, Eq.
(1) is also consistent with the method which Ishii and Chawla (1979)
used to determine drag coefficient from measured parameters. Eq.
(1) is further reduced to the force balance equation on a single bubble
if void fraction of group 1 bubbles becomes zero. It must be pointed
out that Eqs. (1) and (2) are merely the simplified form of momentum
equations in the two-group two-fluid model. It is an Eulerian ap-
proach to determine the drag coefficient that bubbles actually expe-
rience in two-phase flows. However, drag coefficients must be given
as constitutive models in solving the field equations of the two-fluid
model. In developing such constitutive models, one has to start from
the Lagrangian approach, namely, force balance on a single bubble,
since it does not depend on specific two-phase flows. The above re-
sult also shows the consistency of those two approaches.

The ratio of the drag radius to the Sauter mean radius, or the
shape factor for group 2 bubbles should be determined to calculate
drag coefficient of group 2 bubbles using Eq. (2). A 50� wake angle
can be assumed for ideal cap bubbles (Clift et al., 1978), and the
shape factor is determined as a constant accordingly. However, in
the real two-phase flow the above bubble profile may not be appli-
cable anymore. In slug and churn-turbulent flows, the shape factor
for the Taylor bubbles and churn-turbulent bubbles strongly de-
pend on the geometry of the specific flow channels. Considering
the availability of experimental data, current study will focus on
the drag coefficient of group 1 bubbles only.

2.2. Ishii and Chawla’s drag coefficients model

Within the scope of group 1 bubbles, Ishii and Chawla (1979)
categorized the gas-liquid bubbly flow into three flow regimes,
i.e. Stokes regime, viscous regime and distorted particle regime.
The present study will only consider the last two flow regimes
since Stokes regime applies for very low particle Reynolds number
(NRe < 1), which is not the cases of the available data.
A constitutive equation of the drag coefficient for viscous re-
gime is given by (Ishii and Chawla, 1979):

CD ¼
24 1þ 0:1N0:75

Re

� �
NRe

; ð6Þ

where the particle Reynolds number is defined as:

NRe �
2qf jhvrijhrbi

lm
: ð7Þ

The mixture viscosity for bubbly flow, lm, is given by:

lm

lf
¼ ð1� haiÞ�1

; ð8Þ

where lf is the liquid viscosity. The spherical bubble limit, Dmax, be-
yond which bubbles become distorted, is given by Ishii and Zuber
(1979):

Dmax ¼ 4

ffiffiffiffiffiffiffiffiffiffiffi
2r

gzDq

s
N1=3

lf
; ð9Þ

where the viscosity number of liquid phase is defined as:

Nlf
� lf

qfr
ffiffiffiffiffiffi
r

gDq

q� �1=2 : ð10Þ

A constitutive equation of drag coefficient for distorted-particle
regime is given by Ishii and Chawla (1979):

CD ¼
4
3
hrbi

ffiffiffiffiffiffiffiffiffiffiffi
Dqgz

r

r
1þ 17:67ff ðhaiÞg6=7

18:67f ðhaiÞ

" #2

’ 4
3

rbh i
ffiffiffiffiffiffiffiffiffiffiffi
Dqgz

r

r
1

ð1� haiÞ0:5
; ð11Þ

where f(hai) = (1 � hai)3/2 for bubbly flow.

3. Databases used for evaluation of drag coefficient and relative
velocity

During the previous study of interfacial area transport of bubbly
flows, more forced convective bubbly flow data (Hibiki and Ishii,
1999; Hibiki et al., 2001) are readily available for evaluation of
the drag coefficient of group 1 bubbles based on the equations de-
rived above. Comparing with the data that Ishii and Chawla (1979)
originally used, the new data were taken at much higher liquid
velocities. Most importantly, those data were taken while interfa-
cial structures were still developing, namely, the interfacial area
changes along the flow direction due to bubble expansion and
interactions. Therefore, the new data can justify the applicability
of the drag models when the interfacial area transport equation
and the two-fluid model are coupled.

The available experimental data include adiabatic air–water
bubbly upward flows in vertical pipes with inner diameters, D, of
25.4 and 50.8 mm (Hibiki and Ishii, 1999; Hibiki et al., 2001). Local
measurements of void fraction, interfacial area concentration and
gas velocity were performed by using the double sensor conductiv-
ity probe. Local measurement of liquid velocity was conducted by
using hot film anemometry. Cross-calibration results showed that
the difference between the area-averaged void fraction, interfacial
area concentration, superficial gas velocity and superficial liquid
velocity obtained from local measurements and those by gamma
densitometer, the photographic method, rotameter and magnetic
flow meter were within ±5.74%, ±6.95%, ±12.4% and ±5.19%, respec-
tively. The detailed discussions of local flow parameters are found
in the previous papers (Hibiki and Ishii, 1999; Hibiki et al., 2001).



Table 1
Experimental conditions of data taken by Hibiki and Ishii (1999) and Hibiki et al. (2001)

Investigators D (mm) Symbols d N j . � �

hjfi (m/s) hjg,0i (m/s) hjg,0i (m/s) hjg,0i (m/s) hjg,0i (m/s) hjg,0i (m/s) hjg,0i (m/s)

Hibiki and Ishii (1999) 25.4 0.262 0.0549 0.0610 0.0780 0.0990 0.117 N/A
0.872 0.0414 0.0813 0.143 0.210 0.305 N/A
1.75 0.0461 0.116 0.257 0.399 0.575 N/A
2.62 0.0804 0.193 0.401 0.581 0.764 N/A
3.49 0.0509 0.201 0.516 0.702 0.931 N/A

Hibiki et al. (2001) 50.8 0.491 0.0275 0.0556 0.129 0.190 N/A N/A
0.986 0.0473 0.113 0.242 0.321 N/A N/A
2.01 0.103 0.226 0.471 0.624 N/A N/A
5.00 0.245 0.518 1.11 1.79 2.87 3.90

N/A: not available.
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It must be mentioned that the relative velocities measured at
relatively high liquid velocities contain significant measurement
error. This can be explained by a simple sensitivity analysis of
the propagation of measurement error in determining the relative
velocity. For this purpose, the relative velocity can be approxi-
mated by the terminal velocity of a single distorted bubble rising
in the stagnant water, which is around 0.231 m/s at atmospheric
pressure and 20 �C. Since the relative velocity is simply the differ-
ence between the gas and liquid velocities, it can be shown that a
5% error in the measurements of gas and liquid velocities results in
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Fig. 1. Typical local experimental result obtained in 50.8 mm pipe (Hibiki et a
±19.2%, ±34.3%, ±64.9%, and ±156.6% errors in relative velocity
measurement with the superficial liquid velocities of 0.5 m/s,
1.0 m/s, 2.0 m/s and 5.0 m/s, respectively. In view of this, consider-
able errors in the relative velocity measurement are expected for
the data taken at hjfi = 5.00 m/s in the 50.8 mm pipe and
hjfi = 3.49 m/s in the 25.4 mm pipe.

The measurements were performed at three axial locations of z/
D = 12.0, 65.0 and 125 for the 25.4 mm pipe, and z/D = 6.00, 30.3
and 53.5 for the 50.8 mm pipe. Local data of 15 radial locations
ranging from r/R = 0 to 0.95 were taken for both test sections.
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Fig. 2. Validation of Ishii-Chawla’s drag coefficient model in viscous regime.
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The superficial liquid velocity, hjfi, ranged from 0.262 m/s to
3.49 m/s for the 25.4 mm pipe and from 0.491 m/s to 5.00 m/s
for the 50.8 mm pipe. The inlet superficial gas velocity, hjg,0i, ran-
ged from 0.0414 m/s to 0.931 m/s for the 25.4 mm pipe and from
0.0275 m/s to 3.90 m/s for the 50.8 mm pipe. The covered void
fraction range was from 1.83% to 44.2%. Thus, these data include
nearly complete gas and liquid velocity information over wide
bubbly flow range including finely-dispersed bubbly flow. The de-
tailed test conditions are given in Table 1. Fig. 1a and b show some
typical gas and liquid velocity profiles. In the figure, r and R indi-
cate the radial coordinate measured from the pipe center and pipe
radius, respectively, and thus r/R = 0 and r/R = 1 represent the pipe
center and wall, respectively, and the corresponding flow condition
of each symbol is found in Table 1. The dotted line in each figure
shows the fully developed turbulent velocity profile of single liquid
phase flow given by Hibiki et al (1998).

Four other datasets available in the literature (Liu, 1989; Seriz-
awa et al., 1991; Kalkach-Navarro, 1992; Grossetete, 1995) are also
considered in evaluating the drag coefficient of group 1 bubbles as
listed in Table 2. In those datasets, both liquid velocity and gas
velocity were measured for quasi-steady vertical air–water two-
phase flows in round pipes. Therefore, the aforementioned
assumptions and equations for calculating drag coefficients can
be utilized without any modification. Only bubbly flow conditions
were considered for the present evaluation of group 1 bubbles.

4. Results and discussion

4.1. Evaluation of drag coefficient model in viscous regime

The spherical bubble limit is the upper limit for the viscous re-
gime and based on Eq. (5), it is estimated to be 2 mm for a single
bubble rising in the stagnant water at atmospheric pressure and
20 �C temperature. Thus, the flow with the bubble size smaller or
larger than 2 mm is categorized as viscous or distorted-particle re-
gime, respectively. If the data taken at the highest liquid velocities
are not considered due to the significant error discussed above, all
other data fall into distorted-particle regime. However, some data-
sets are very close to the boundary between viscous and distorted-
particle regimes. These data will give us some insight on the valid-
ity of the drag model in viscous regime, Eq. (6). Fig. 2 shows the
comparison of Eq. (6) with experimentally determined drag coeffi-
cients with Sauter mean diameter slightly higher than 2 mm. In the
figure, the solid line indicates the drag coefficient calculated by
Ishii and Chawla’s model, Eq. (6). It can be seen that the data ob-
tained in forced convective flow follow the model prediction fairly
Table 2
All datasets used in evaluation of the drag coefficient of group 1 bubbles

Investigators Geometry and size
(mm)

z/D Pressure
(MPa)

Superficial gas
velocity (m/s)

S
v

Hibiki and Ishii
(1999)

25.4 ID pipe 12 0.10 0.0473–1.12 0
65 0.0257–1.03 0
125 0.0562–1.27 0

Hibiki et al.
(2001)

50.8 ID pipe 6 0.10 0.0257–4.45 0
30.3 0.0328–4.39 0
53.5 0.0257–4.88 0

Liu (1989) 38.1 ID pipe 30 0.10 0.0197–0.353 0
Serizawa et al.

(1991)
60.0 ID pipe 36 0.10 0.0941–0.416 0

Kalkach-Navarro
(1992)

38.1 ID pipe 50 0.10 0.0655–0.343 0

Grossetete
(1995)

38.1 ID pipe 8 0.10 0.0577–0.116 0
55 0.0662–0.133 0
155 0.0895–0.181 0
well. An excellent agreement was also reported when Ishii and
Chawla (1979) originally compared Eq. (6) with various experi-
mental data mostly taken in stagnant liquid systems, which pro-
vided very accurate drag coefficient data. Combining these
experimental results may lead to a conclusion that Eq. (6) can be
applied to forced convective bubbly flows or one-group interfacial
area transport equation.

4.2. Evaluation of drag coefficient model in distorted-particle regime

As can be seen from Eq. (11), the drag coefficient in distorted-
particle regime depends on the bubble radius and void fraction
rather than solely on the particle Reynolds number. Combining
Eqs. (1) and (11) yields the relative velocity in distorted-particle re-
gime as:

hvri ¼
ffiffiffi
2
p Dqgr

q2
f

� �0:25

1� haið Þ0:75
: ð12Þ

The drag coefficient is not a directly measurable parameter and
has to be calculated based on the equations derived previously. It
actually measures the degree to which two phases are coupled in
terms of velocity if other parameters such as physical properties
and particle shape are known. In view of this, a non-dimensional
relative velocity, hv�r i is introduced as:
uperficial liquid
elocity (m/s)

Bubble Sauter mean
diameter (mm)

Void fraction Number of
data

.262–3.49 1.72–3.99 0.0155–0.2644 25

.262–3.49 2.19–4.10 0.0183–0.2334 25

.262–3.49 2.05–3.99 0.0138–0.2825 25

.491–5.00 1.40–3.31 0.0360–0.4082 18

.491–5.00 1.78–3.52 0.0441–0.4059 18

.491–5.00 1.77–3.86 0.0360–0.4430 18

.376–1.39 2.12–4.26 0.0135–0.4186 42

.442–1.03 3.03–7.75 0.0361–0.2523 12

.300–1.25 3.35–5.46 0.0616–0.2137 17

.877–1.75 2.16–2.70 0.0090–0.0471 3

.877–1.75 2.82–3.11 0.0535–0.0857 3

.877–1.75 3.37–3.74 0.0437–0.0901 3
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hvri �
hvri
hhvgii

: ð13Þ

It directly reflects the contribution to the total gas velocity which is
due to the relative velocity between two phases. For air–water up-
ward flows, hvri is between 0 and 1 considering that the gas velocity
is higher than liquid velocity. The closer this value is to zero, the
stronger two phases are coupled in terms of velocity, namely two
phases have the same velocity if hvri is zero. hvri = 1 indicates a stag-
nant liquid condition. Using this parameter to study the drag coef-
ficient can avoid possible misleading conclusion caused by the large
measurement error of relative velocity as discussed above. This is
because the non-dimensional relative velocity approaches zero
when the liquid velocity is very high. In this case the contribution
of relative velocity to the total gas velocity is small such that the re-
sults may not be significantly affected by the measurement error.

In Fig. 3, the non-dimensional relative velocities at three differ-
ent axial locations for the 25.4 mm and 50.8 mm pipes are plotted
against the area-averaged void fraction. The open and solid symbols
indicate the experimentally determined and calculated non-dimen-
sional relative velocity, respectively. For the 25.4 mm pipe, Fig. 3a–c
shows reasonable agreement for all the liquid flow rates. The aver-
age value of absolute differences between experimental data and
calculated values is 0.043 for all three axial locations. The maximum
discrepancy occurs at low liquid velocities (i.e. hjfi = 0.262 m/s and
hjfi = 0.872 m/s) where relative velocity composes as high as 40%
of the total gas velocity. At higher liquid velocities, the prediction er-
ror of hvri becomes very small due to stronger coupling between two
phases. Both experimental data and calculated values show the
same general trend that hvri decreases with increasing void fraction
for a given liquid flow rate. This is due to two reasons: increasing gas
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Fig. 3. Validation of Ishii-Chawla’s drag coefficient model in distorted particle
velocity and decreasing relative velocity. The former can be ex-
plained with help of the drift-flux model (Zuber and Findlay
(1965)) as

hhvgii ¼ C0ðhjgi þ hjf iÞ þ hhvgjii; ð14Þ

where C0, jg, jf, and vgj are the distribution parameter, superficial gas
velocity, superficial liquid velocity and drift velocity, respectively. In
the tested flow conditions, the first term in the right hand side is
dominant over the second term and the distribution parameter in-
creases with the void fraction (Hibiki and Ishii, 2002). Thus, in-
creased void fraction, namely increased superficial gas velocity for
a given flow rate increases the gas velocity. The latter can be seen
from Eq. (12). The decreased relative velocity with increased void
fraction is a result of increasing drag coefficient when void fraction
increases as shown in Eq. (11). Physical explanation of this phenom-
enon has already been provided by Ishii and Chawla (1979). A parti-
cle sees increased drag due to other particles because of the strong
contribution of the turbulent eddies in the wake region. In another
sense, the existence of multiple particles enhances the coupling be-
tween gas bubbles and surrounding liquid.

For the 50.8 mm pipe, Fig. 3d–f shows excellent agreement for
all the liquid flow rates except hjfi = 5.00 m/s. The average values
of absolute differences are 0.068 and 0.022 for hjfi = 5.00 m/s and
other flow rates, respectively. The void fraction effect has also been
correctly predicted by the model except the highest flow rate
which may be due to measurement error in relative velocity as
mentioned previously.

Fig. 4a and b shows the comparison results for data taken by Liu
(1989) in a 30.8 mm pipe. The mean value of absolute differences
of all 42 flow conditions is 0.043. Shown in Fig. 4c and d are the
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regime using data from Hibiki and Ishii (1999) and Hibiki et al. (2001).
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Fig. 4. Validation of Ishii-Chawla’s drag coefficient model in distorted particle regime using data from other literatures (Liu, 1989; Serizawa et al., 1991; Kalkach-Navarro,
1992; Grossetete, 1995).
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comparison results for data taken in pipes with the same inner
diameter by Kalkach-Navarro (1992) and Grossetete (1995),
respectively. The corresponding mean values of absolute differ-
ences are 0.058 and 0.074, respectively. As can be seen in the fig-
ure, reasonable agreement can be obtained for these data in
terms of both prediction accuracy and general trend. The decreas-
ing trend of hvri with void fraction is not so obvious in Fig. 4d if
comparing with others. It should be noticed that the void fraction
range of these data is within 10%. From Eq. (11), the drag coeffi-
cient will increase dramatically at higher void fraction. Therefore,
the void fraction effect is more apparently shown in Fig. 4a where
void fraction is as high as 40%.

The result for data taken by Serizawa et al. (1991) in a pipe with
the inner diameter of 60 mm is shown in Fig. 4e. The experimen-
tally determined hvri shows an increasing trend with increasing
void fraction. This is not seen in other data and the model appar-
ently underestimates most of the data. Two possible reasons may
account for this result. First, the Sauter mean diameters in Seriza-
wa’s data are among the highest (as high as 7.75 mm) and very
close to the lower limit of group 2 bubbles (�10 mm). Thus certain
amount of group 2 bubbles might exist in the flow. This results in
higher measured relative velocity than that for pure group 1 bub-
ble system since cap and slug bubbles rise faster than distorted
bubbles. Secondly, in Serizawa’s experiment measurement error
was not clearly stated and the results shown in Fig. 4e may be
due to some measurement error.

From the above experimental results, it can be seen that the
model can predict the velocity coupling between two phases with
reasonable accuracy for a wide range of bubbly two-phase flows. It
is also noted that most of the data that Ishii and Chawla used to
evaluate their drag models were taken from sedimentation, fluid-
ization or batch process (Ishii and Chawla, 1979), where the rela-
tive velocity was much more accurately measured since it is
essentially the velocity of the moving phase. With those data they
obtained very good agreement between the model and experimen-
tally obtained drag coefficient. The present paper is looking at the
drag coefficient from the Eulerian point of view which starts from
the momentum equation in the two-fluid model. Some data used
here were taken for bubbly flows with developing interfacial struc-
ture. In this regard, it may be concluded that Ishii and Chawla’s
drag model can be applied to forced convective bubbly flows or
one-group interfacial area transport equation. The effect of group
2 void fraction on the group 1 drag coefficient should be validated
to verify the applicability of Eq. (1) and Ishii and Chawla’s drag
model to two-group two-fluid model in various flow regimes in
the future.

It should be mentioned here that the non-dimensional relative
velocity shows slightly higher discrepancies for certain data used
here. This is partially caused by the error in determining relative
velocity from phasic velocities as discussed earlier. However, the
measurement error of gas velocity can be usually quantified by
cross-calibration method and it is determined to be around ±10%.
The comparison of gas velocity is briefly discussed in the Appendix.
The results turned out that gas velocity prediction using Ishii and
Chawla’s drag model is within measurement error range for almost
all data that were used here. Considering it is the gas velocity that is
solved as one of the unknowns in the two-fluid model, this result
confirms the applicability of the model to a wide range of bubbly
two-phase flows. However, in a strict sense, this conclusion should
be applied to the tested flow conditions such as 25.4 mm 6 D 6
60.0 mm, 0.0197 m/s 6 hjgi 6 4.88 m/s, 0.262 m/s 6 hjgi 6 5.00 m/s
and 6 6 z/D 6 155. Hibiki and Ishii (2003) developed the drift-flux
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model in vertical large diameter pipes. They indicated that the one-
dimensional relative velocity at low liquid flow rate might be af-
fected by secondary flow. Thus the applicability of Ishii and Chawla’s
drag model to a large diameter pipe flow should be examined in the
future.

5. Summary

In relation to the development of one-dimensional two-group
two-fluid model, the approach using two-group drag coefficients
in two-group gas momentum equations is studied. Important con-
clusions are summarized as follows:

(1) Based on the momentum equations in the one-dimensional
two-group two-fluid model, a general evaluation scheme is
derived to determine the drag coefficients of two groups of
bubbles from experimentally measurable parameters. It is
found that void fractions of both group 1 and group 2 bub-
bles should be taken into account to compute the drag coef-
ficient of each group. This is because the existence of the
other group modifies the pressure field and hence the buoy-
ancy force acting on bubbles. The derived equation for group
1 bubbles becomes force balance equation for a single bub-
ble when void fraction reduces to zero, which shows the
consistency of the Eulerian two-fluid model and Lagrangian
approach. The shape factor can not be neglected while eval-
uating drag coefficient of group 2 bubbles. However, it may
be assumed to be unity for group 1 bubbles.

(2) Experimental data of developed and quasi fully-developed
air–water upward bubbly flows taken under various pipe size
and flow conditions were used to evaluate the existing drag
coefficient model for group 1 bubbles. The results indicate
that Ishii and Chawla’s model can predict the experimental
data satisfactorily. A non-dimensional relative velocity is
defined to represent the degree to which two phases are cou-
pled. Comparison of this parameter between model predic-
tion and experimental data shows reasonable agreement. It
is thus concluded that Ishii and Chawla’s model can be
applied to forced convective bubbly flows or one-group
interfacial area transport equation. The effect of group 2 void
fraction on the group 1 drag coefficient should be validated to
verify the applicability of Eq. (1) and Ishii and Chawla’s drag
model to two-group two-fluid model in various flow regimes
in the future. Also the applicability of Ishii and Chawla’s drag
model to a large diameter pipe flow should be examined.

(3) The current study only focuses on group 1 bubbles and
experimental data are only available for bubbly flows. How-
ever, group 2 bubbles could dominate two-phase flow
dynamics when two groups of bubbles coexist (for example,
in slug or churn-turbulent flows). In this case the drag coef-
ficient of group 2 bubbles is expected to be more important
and it can be determined by the equation derived in this
paper, i.e. Eq. (2). The detailed discussion will be covered
in the future paper.
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Appendix

Ishii and Mishima (1984) proposed an estimation of the area-
averaged relative velocity by considering the distribution effect:
hvri ’
1� C0hai

1� hai hhvgii � C0hhvf ii: ðA-1Þ

Combining Eqs. (A-1) and (12), one can estimate the gas velocity
based on following equation:

hhvgii ’
1� hai

1� C0hai
ffiffiffi
2
p Dqgr

q2
f

� �0:25

ð1� haiÞ0:75 þ C0
hjfi

1� hai

" #
;

ðA-2Þ

where C0 is the distribution parameter defined by:

C0 ¼
haji
haihji : ðA-3Þ

C0 can be obtained experimentally since local void fraction and
phasic velocities have been measured in the datasets used here. In
case that no local measurement is available, C0 can be also calcu-
lated by the well established correlations (for example, Hibiki
and Ishii, 2002).

Fig. A1a and b compares the gas velocity estimated by Eq. (A-2)
with the experimental data taken by Hibiki et al. and other
researchers, respectively. Very good agreement can be seen in both
figures where most of the predictions fall into ±10% measurement
error range.
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